



DYNAMIC BUCKLING LOAD OF A CLAMPED FINITE COLUMN RESTING ON QUADRATIC-CUBIC ELASTIC FOUNDATION USING BLOCK UNIFICATION METHOD (BUM)



ABSTRACT
The dynamic buckling load of a nonlinear elastic finite column structure that is trapped by a step load lying on a quadratic-cubic foundation was analyzed using Block Unification Method (BUM). The solution of the governing equation is obtained by converting the nonlinear Partial Differential Equation (PDE) of fourth-order into a system Ordinary Differential Equation (ODE) through method of lines by changing one of the variables with a finite method. The results show that the dynamic buckling load decreases with increased imperfections, and the dynamic buckling load decreases with increased in damping. 
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1. INTRODUCTION
Buckling is associated with failure of column-like structures in buildings, bridges, shells and plates which are subjected to loading. The collapse of buildings, bridges and other material structures are issues of concern. Several researches and studies have been carried out by Engineers and Applied Mathematicians to determine the maximum load structures can carry before buckling occurs. The dynamic buckling load of a viscously damped but clamped elastic structure that is trapped by a step load is a typical engineering real-life problem and the governing equation (equation of displacement) is the mathematical generalization of some of the physical structures encountered in engineering practice.
This research work is aimed at determining the dynamic buckling load of an imperfect elastic structure that is viscously damped but clamped column trapped by a step load using Block Unification Method. The investigation is anchored within the framework of the already established research work proposed byBudiansky[1] and Hutchinson and Budiansky [2]. Ette and Osuji [3] studied buckling of compressed flat-end columns loaded by unattached flat platens and Artem and Ayin [4] investigated on exact solution and dynamic buckling analysis of beam-column system having the elliptic type loading; Aristizabal-Ochoa [5] studied static and dynamic stability of uniform shear beam-columns under generalized boundary conditions; Pavlovic e tal[6] investigated the dynamic stability of a thin-walled beam subjected to axial loads and moments.
Ette e tal[7] investigated static buckling of infinitely column lying on quadratic-cubic elastic foundations. Static buckling load of some harmonically imperfect infinitely long columns lying on a quadratic-cubic nonlinear elastic foundation was determined using two slightly different perturbation schemes. The static buckling load and displacement are asymptotically obtained and the mathematical relationship between the static buckling and imperfection amplitude was deduced. Ette e tal[8] analyzed the dynamic stability of an imperfect viscously damped but clamped finite column that rest on elastic nonlinear (cubic) foundation subjected to a step load. Multi-timing perturbation procedure was used to obtain results which are strictly asymptotic. The result show that the column buckles at higher buckling loads than if it was subjected to simply-supported end conditions. It was observed that in general, damping increases the dynamic buckling load, and dynamic load is higher than the corresponding static buckling load if damping is present, otherwise without damping, the static buckling load is always higher than the dynamic load for a step loading consideration. Ette and Osuji[3] investigated the dynamic buckling of a viscously damped modified quadratic model elastic structure struck by an impulse. An asymptotic expansion was applied on the perturbed system of nonlinear coupled nonhomogeneous ordinary differential equations, and impulse loading was imposed on the viscously damped system with light damping coefficient. The result revealed an increasing dynamic buckling load with increase in damping coefficient.
2.	FORMULATION OF THE PROBLEM
The elastic quadratic-cubic model structure under investigation was recently studied by Ette and Osuji [3] and has continued to remain a source of reference because it is a mathematical generalization of some of the physical structures encountered in real-life engineering practice. 
The figure below is a two-arm elastic quadratic-cubic model structure, each arm of length L, and whose meeting point carries a mass M, which is attached to a nonlinear spring with restoring force per unit length given by:
								(1)
Where k, L,  are positive constants, and  is a longitudinal force while T is the time and  is the initial imperfection with X as additional displacement from equilibrium position. 
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Fig 1 : A simple Quadratic-cubic Elastic Model Structure.
The usual dimensional differential equation satisfied by the deflection of the column under consideration, as in Amazigo and Frank [9] and Amazigo and Ette[10] is :

										(2)
										(3)
						(4)
								(5)
Where is the mass per unit length, is the damping coefficient, EI is the bending stiffness, where E and I are the Young’s modulus and the moment of inertia respectively. Here the nonlinear elastic foundation exerts a force per unit length given by  on the column where,  and are constants such that >0,>0, >0. In this formulation, all nonlinearities higher than cubic are excluded, while all nonlinear derivatives of W (X,T) are also excluded. Here,  is the stress-free twice-differentiable imperfection displacement and all aspects of axial inertia are neglected.
3. NON-DIMENSIONALIZATION OF THE PROBLEM
To reduce equation (2) -(5) to non-dimensional form, we adopt the following quantities:
X,  W,  , ,  =,
,  ’  						(6)
Here, we shall assume the following inequalities
0, 0								(7)
On substituting (6) in (2) and simplifying, the following is obtained
 + + ++ ω ––=															(8) 
										(9)
						(10)
							(11)
where ω is the displacement, t is the time variable, δ is the damping coefficient,  and β are the imperfection – sensitivity parameters, ϵ is the amplitude of the imperfection,   is a stress-free  twice-differentiable imperfection and f(t) is a time dependent loading function while λ is the non-dimensional amplitude (or magnitude) of the loading. 
Here, a subscript following a comma indicates partial differentiation and  is a step load such that;
									(12)
It is assumed  are two small but mathematically unrelated parameters that satisfy the inequalities as in (7). The ultimate aim is to determine the dynamic buckling load .
4. NUMERICAL APPROACH BY BLOCK UNIFICATION METHOD
The equation (8) can be resolved by the use of Block Unification Method.
From equation (8-11), we have
 + + ++ ω ––=
0<x<π.
With the initial and boundary conditions,							
ω(x, 0) = 0=  (x,0) = 0 ,   0 <x < π				
ω =  = 0 at x= 0, π.
A Continuous Linear Multistep Method (CLMM) is derived and use to formulate Block Unification Method, which is applied to solve equation (3.6) with appropriate initial and boundary conditions by first changing the PDEs into system of forth order ODEs through the method of lines.The changing is done by replacing one of the variables with a finite difference method.
Let consider equation (8) with associated initials and boundary conditions,
	
	
	
	

	,  							(13)
Where  is the dependent variable,  and  are variables such that ,  and  are finites real numbers,, , , ,  are continuous functions.
Applying BUM to equation (8), the problem is first converted into system of ODEs through method of lines and Central Difference Methods.
Thus, for real numbers, , ,  and , and solution  of equation (3.6), where  is in the rectangle x  . The   variable is discretized with mesh sparing.
	,   , , 						(14)
And noting that;
	,   ,  						(15)
With the vector 
									(16)
And 
									(17)
Where  and ; using the central difference method yields;
						(18)
In semi-discretized form, 
								(19)
Which can be written in the form;
								(20)
Subject to the appropriate initial and boundary conditions, 
Where, ,  ,   is an (x ( matrix arising from the semi-discretized system (3.43), and solved  by the BUM.
A Continuous Linear Multistep Method (CLMM) is derived through a block technique, which is used to formulate Continuous Block Finite Difference Methods (CBFDMs).
Thus, using multistep interpolation and collocation, a continuous FDM is derived and additional methods which are assembled and solved simultaneously to obtain approximation, which is applied to solve forth order PDEs using method of line.
5. DERIVATION OF THE BLOCK UNIFICATION METHOD
According to Modebei e tal[11], the exact solution  of equation (8) can be approximated by seeking the continuous solution of the form:
								(21)
With the 4th derivative given as
							(22)
Where , ’s are constants to be determined.  in the interval  , , are shifted Chebyshev polynomials in the interval . The parameters  and  are respectively the number of interpolation points that satisfies  and the number of collocation points satisfying ,  is the order of the differential equation.
Interpolating equation (21) at the points  ;  and collocating equation (22) at the points ; .
The method has the following specifications   for  yield the system noting that 

and 
	
The interpolation of equation (21) at the points  , and collocation of equation (22) at the points   , yields a system which after solving, the values of the coefficients  are obtained.
These values are substituted into equation (21) and after some simplification; the approximate polynomial in equation (22) adopts the continuous form:
						(23)
Where the ’s and ’s are continuous coefficients expressed as functions of and given as:
	
	
	
	
	
	




																				(24)
Where,
										(25)
Evaluating   in equation (23) at the points , , which implies that , the following 5- step discrete LMMs are obtained
																							
																				(26)
 From the transformation   ,, equation (24) is differentiated three times respectively and on each differentiation, ,  and   in equation (23) are evaluated at the point  , , which implies  , the following 5-step discrete LMMs are obtained:
	
	
	
				
	
						(27)

	
		
	
	
								(28)
	
	
	
	
	
						(29)
The equation (27), (28) and (29) are the additional methods and considered for .
The equation (26), (27), (28) and (29) together form the Block Unification Method (BUM) which is used to solve equation (8) numerically with the appropriate boundary conditions.


									
6. COMPUTATIONAL PROCEDURE BY BLOCK UNIFICATION METHOD (BUM)
Assume the following boundary conditions for the governing equation.
	 , , , 						(30)
And the vector of unknown is given by:
						(31)
This makes a total of  unknowns variables.
On the other hand, we have two formulae in equation (24) which for  make a total of  formulas.
Also, there are six formulae in equation (26) and taking  gives  formulae. In equation (27) and (28) similarly, there are  each. Therefore, the total number of equations becomes .
Hence, we have a system with  equations and  unknowns whose solutions provides a set of approximate values of BVP in equation (3.44).			
Now, the equation (26), (27), (26) and (28) in the form of equation (20) to form a block and solved simultaneously using codes written in Mathematica as show in the algorithm below:
Let consider equation (8), 
 + + ++ ω ––=, 	
Subject to the initial conditions,
	
and appropriate boundary conditions,
	
where,  
.	
Here, the problem on semi-discretizing the time variable, becomes
	, , 
(32)
Where,
	, , ,   , ,
	 and  
Which is expressed in the form:
							(33)
Where, A is an  matrix arising from the discretizing system, and  is a vector of constants.
7. NUMERICAL RESULTS
A simple computer programme, gives the values of the dynamic buckling load,, at different values of  and  using equation (26), (27), (28) and (29) in the form of equation (33) to form a block and solved simultaneously.
[bookmark: _Hlk162520495] Assuming  and 
Table 1 : Numerical results 
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	0.1
	0.9
	0.01
	0.021
	4.85x10-10

	0.2
	0.8
	0.02
	0.031
	8.56 x 10-10

	0.3
	0.7
	0.03
	0.041
	1.28 x 10-9

	0.4
	0.5
	0.05
	0.046
	1.39 x 10-9

	0.5
	0.4
	0.06
	0.051
	10.58 x 10-9

	0.6
	0.3
	0.07
	0.061
	1.9 x 10-9

	0.7
	0.2
	0.08
	0.075
	2.1 x 10-8

	0.8
	0.1
	0.09
	0.085
	2.46 x 10-8








Fig 2 : The graph of  against , at various values of 𝜹.
8. RESULTS OF  DISCUSSION
The dynamic buckling load decreases with increased imperfection amplitude and vice-versa. This is equivalent to saying that, the nearer the structure is to a perfect nature, the more stable it is for a step load. Besides, we clearly observe that, within the limit of accuracy retained in this work, there is no marked difference in the values of   for the different cases of   .
9. CONCLUSION
The numerical investigation into the dynamic buckling of a viscously damped but clamped finite column lying on the quadratic cubic foundation that is trapped by a step load using Block Unification Method has been judiciously carried out. The effect of light damping and imperfections have been highlighted and discussed. 
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